Abstract. We prove that for d ≥ 2, the asymptotic order of the usual Nikolskii inequality on S d (also known as the reverse Hölder's inequality) can be significantly improved in many cases, for lacunary spherical polynomials of the form f = m j=0 f nj with f nj being a spherical harmonic of degree n j and n j+1 − n j ≥ 3. As is well known, for d = 1, the Nikolskii inequality for trigonometric polynomials on the unit circle does not have such a phenomenon.
Introduction
Let S d = {x ∈ R d+1 : |x| = 1} denote the unit sphere of R d+1 equipped with the usual surface Lebesgue measure dσ(x), and ω d the surface area of the sphere S d ; that is,
). Here, | · | denotes the Euclidean norm of R d+1 . Given 0 < p ≤ ∞, we denote by L p (S d ) the usual Lebesgue L p -space defined with respect to the measure dσ(x) on S d , and
; that is,
In what follows c, C will denote positive constants whose value may change with each occurrence. The notation A ≍ B means that c 
where the C λ k denote the Gegenbauer polynomials as defined in [1, Sec. 10.9]. The classical Nikolskii inequality for spherical polynomials reads as follows (see, e.g., [6] ):
In [3] , continuing Sogge's investigations [7] , we obtained the sharp asymptotic order of the following Nikolskii inequality for spherical harmonics f n of degree n, that is,
In many cases, these sharp estimates turn out to be remarkably better than the corresponding estimate for spherical polynomials (1.2). In particular, we have that
Furthermore, this estimate is sharp. These results, in particular, shows that there are no exponents 0 < p < q ≤ ∞ such that the equivalence f n q ≍ f n p holds for any f n ∈ H d n . This in turn implies that no analogue of the following Zygmund theorem for lacunary trigonometric series [9] for spherical polynomials: For any trigonometric series of the form
where the equivalent constants depend only on p and γ.
In this paper, we prove that for d ≥ 2, the asymptotic order of the Nikolskii inequality can be significantly improved when restricted on a wide class of "lacunary" spherical polynomials, although the order is sharp on the whole space of spherical polynomials. To be precise, given positive integers ℓ, m with m ≤ n/ℓ, we denote by Π d n,m,ℓ the class of all spherical polynomials f that can be represented in the form 
where ℓ 0 = min{ℓ,
, then
It is worth mentioning that the asymptotic order of the Nikolskii exponent for "lacunary" spherical polynomials lies between the classical exponent provided by (1.2) and the one for the spherical harmonics given by (1.3). In particular, we have that for
It is also clear that inequality (1.7) generalizes (1.4). Note that no improvement can be achieved in the order of the Nikolskii inequality for similar "lacunary" trigonometric polynomials on the unit circle, cf. (1.5).
The Nikolskii type inequalities are closely related to the Remez type inequalities in a very general setting, as was shown in [8, pp. 601-602] . Moreover, these inequalities play a crucial role in establishing a Sobolev-type embedding result for the Besov spaces: 
Proof of Theorem 1
We start with some useful definitions. Given h ∈ N, and a sequence {a n } ∞ n=0 of real numbers, define (see, for instance, [3] )
denote the normalized Gegenbauer polynomial, and for a step h ∈ N, define
with a n := R n (cos θ). Here and throughout, the difference operator in △ ℓ h R n (cos θ) is always acting on the integer n. In the case when the step h = 1, we have the following estimate ([2, Lemma B.5.1]):
On the other hand, however, the ℓ-th order difference △ ℓ 1 R n (cos θ) with step h = 1 does not provide a desirable upper estimate when θ is close to π, and as will be seen in our later proof, estimate (2.1) itself will not be enough for our purpose.
To overcome this difficulty, instead of the difference with step 1, we consider the ℓ-th order difference △ ℓ 2 R n (cos θ) with step h = 2. Since △ ℓ 2 a n = ℓ j=0 ℓ j △ ℓ 1 a n+j , on one hand, (2.1) implies that
. On the other hand, however, since
and since
By (1.1), we obtain that for every P ∈ H d n ,
where
and x · y denotes the dot product of x, y ∈ R d . Since R j (x · ) ∈ H d j for any fixed x ∈ S d , it follows by the orthogonality of spherical harmonics that for any P ∈ H proj n k +2j (g),
